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In this document, we introduce a generalization of linear regression: Kalman filters, we derive their update equations and
the corresponding algorithm, and we apply them on some examples.

1 Filter description

In the document about linear regression, we have introduced the following model:

m
Vie[1,n] Vi :ijx,-,j—i—e,- =X Wy, + ¢
j=1

where x; = (X1, ... ,x,-,m)T € R™ and y; € R are given or observed data, ¢; is a realization of a zero-mean observation
random noise E ~ N(0, o2) uncorrelated with data, and w,,, = (w1, ..., w,,)" is a vector of hidden weights that we want to
determine. In this document, we replace w by 6, denoting some hidden state that we are trying to determine, and output yx
can now be a vector instead of a scalar. Thereby, we transform the linear regression equation into a so-called observation
equation:

Yi = HiOy + ug (1)

where uy is a zero-mean random noise representing the uncertainty of the observation measure. The generalization brought
by Kalman filters is that hidden parameters can vary over time according to a state equation:

Or41 = FrOy + vy )

where vy is a zero-mean random noise representing the quality of the evolution model. Therefore, Kalman filters are entirely
described by:

0k+1 = erk + Vg
Yo = HikOk + uy
Matrices Fx and Hy are fixed and given by the model. We suppose that u, and v, are uncorrelated second-order white

noises with respective covariance matrices R{ = E (ujuy) and Ry = E (v,vy). The purpose of Kalman filters is to provide
at any time k € N* an estimate 8 of hidden state variable 6. These filters work in two steps:

> a prediction stage where we estimate prior state variable 8, 1|, given previous observations yi, ..., y«;

» an update stage where we estimate posterior state variable §k+1|k+1, given the prior §k+1‘k and the new observation

Yk+1-



2 PREDICTION AND UPDATE EQUATIONS DERIVATION

Remarks:

» There are also non-linear Kalman filters, for which matrices Fx and Hy are replaced by non-linear mappings. These
filters are out of the scope of this document.

» The equations above describe Kalman filters with only evolving hidden states and no input or command. This case can
be treated by adding a term Gxx, in Equation (2), where X, denotes the input. The derivation in the next subsection
can be adapted to this case.

2 Prediction and update equations derivation

First we need the two following definitions:

» The prior innovation §k+1‘k is the difference between the actual state 8,1 and the prior estimate §k+1|k:
01k = Okr1 — Ok

~ ~T
It is a random vector with covariance matrix Pk+1‘k =E <0k+1‘k0k+1‘k).

» The posterior innovation 5k+1‘k+1 is the difference between the actual state 8,1 and the posterior estimate

O i1iks1t
Ors1ik+1 = Oky1 — Osp1jist

~ ~T
It is a random vector with covariance matrix Py 1jx41 = E <0k+1|k+19k+1|k+1>.

Now we define our estimates §k+1|k and §k+1|k+1, and derive the corresponding innovation covariance matrices Pk+1|k and
P+1)k+1- Since we assumed that E(vk) = 0, based on Equation (2), we define the prior state estimate 011k as

§k+1\k = Fkak\k (3)
The corresponding prior innovation is then
Ohiijk = Okr1 — §k+1\k = FkOk + v — Fké\k\k = Fy <9k - 5k\k> + Vi = FiB + Vi
Since posterior innovation 5,(‘,( and noise vy are uncorrelated, we have
Pt1jk = cov (5“1“() = cov (Fkg’k‘k) + cov (vk) = FkPyFf + Ry, (4)

Since we assumed that E(uk) = 0, from prior state estimate §k+1‘k we can define a prior estimate §k+1|k = Hk+1§k+1‘k of
the upcoming observation y 1. To define the posterior state estimate 6, 1|,1, we inspire from the RLS weight update
equation to write:

Oii1/k1 = Orrje + Kirn (Yo — Tusape) = Ougape + Kig <Yk+1 - Hk+19k+1|k) (5)
where K1 is the Kalman gain that we are going to determine. The corresponding posterior innovation is then

Orifkrt = Oksr — Opsrjirs = kst — Oppajp — Ki (Hka +u — Hk+10k+1|k)
=0k — §k+1\k — Kit1 (Hk (0/< - §k+1\k) + Uk)

=(- Kk+1Hk)§k+1\k — Kiy1ug



3 APPLICATION: TRAJECTORY TRACKING

Since the prior innovation and the measurement noise uy are uncorrelated, we can write :

Pir1jk1 = cov (§k+1\k+1) = cov ((' — Kig1Hk) §k+1\k) + cov (Kxt1uk)

= (I = KiprHpg1) Prgape (1 = KiriHern) + Kit1REK 1

Hence posterior covariance matrix Pk+1‘k+1 depends on Kalman gain K1, and we need to define the latter one so that it
minimizes the following error criterion: the expected ¢> norm of innovation @, 1|,1. This expected norm is related to matrix
Pk+1\k+l by its trace:

E <H§k+1k+1H2) =E (§I+1|k+1§k+l|k+l) =E (tr <§I+1|k+1§k+1|k+l>) =E (tr (§k+1\k+10~—£+1|k+1))
=1tr (E (§k+1|k+1gz+1\k+1>) =tr (Pk+1\k+1) = &1 (Kipa)
Before computing the derivative of criterion &1 with respect to Ky 1, let us develop the expression of Py q|s41:
Prsijkrt = Proapk — PrrijkHigiKisr — KirtHirtProape + KiatHirtProaeHig 1 Kk + Kt REK G4

Therefore

O0€k+1 _ 0
OKky1 0Ky

N
= =2 (Hes1Piyape) + 2Kis1 (Hop1PriaeHis + RY)

tr (—Prr1jkHi1Kisr — KertHir1Proage + Kigr (HertPrgaeHies + RY) Kiya)

0
Since the optimal gain corresponds to Sht1 =0, we get:
OKk11
u\ —1
Kir1 = PrykHigr (Hee1PrgakHis + RY) (6)

If we replace the expression of the optimal gain in Py 1,41, we get:

Prrijkst = Prraie — Kirn (HipaPrsapeHis + RE) Kl = Pigae — K Hira P

which finally yields to:

Pirajkrr = (I = KerrHi1) Prgaje (7)

Finally we simply initialize the algorithm with Pg|o = 0, as we have done no estimation yet. The initialization of §k|k depends
on how much information we have about the system at the beginning of the estimation process. We wrap up equations (3),
(4), (5), (6) and (7) into the following algorithm.

3 Application: trajectory tracking

Imagine a mobile object which can only moves horizontally in one direction. We discretize time with step T. We denote
xx = x(kT) the position of the mobile, X, = x(kT) its speed and X, = x(kT) its acceleration. This object is initially at
position xo = 0 with speed xp = vp. All vertical forces compensate and only a random acceleration ax ~ N(0, 02) is applied

Xk .
in the motion direction. The state vector that we want to estimate is 8, = . By the second law of dynamics, xx = a.
X



3 APPLICATION: TRAJECTORY TRACKING

Algorithm 1 Kalman filter

1: procedure KALMAN-FILTER(y, F, RY, H, RY)

2 Input y«, Fi, RY, Hi and RY for k € 1, n]

3 PO\O =0

4 fork € [0,n] do

5: Update covariance matrices and Kalman gain

6 Pk+l|k — FkPk‘kF—}(— + RZ

7 Kir1 < PrgaeHiys (HirrPraapeHi o + Ri)il
8 Prgajhrr < (I = KerrHis1) Prgaje

9: Update state variables

10: 0k+1\k — erk\k

11: Okt < Okrapn + Kesa (Yk+1 - Hk+10k+1\k>
12: end for

13: Return X

14: end procedure

Taylor series of x(t) and x(t) give:

T2 . T?
xkr1 = x((k+1)T) = x(kT) + Tx(kT) + 75&(/<T) +0(T?) = xx + Txi + St o(T?)

Xes1 = %((k+ 1)T) = %(kT) + TX(kT) 4 o(T) = X + Tax + o(T)

We can approximate these expressions matricially:

2

1T s

01 = 0y + 2 ay
0 1 T
which gives:

2 T4 T3
- L (-
Fo=F= ve=| 2 |a Ri=R"'=0}| f 2

The observation variable y, is simply a noisy observation of position x, i.e.
}/k:< 10 )9k+uk
where u, ~ N(0, 02) is observation noise. Thus we have
Hk:H:(l 0) RY = RY = o2

For the initialization, the initial position xg = 0 is known. The initial speed v is unknown but we assume it to be a realization
of a zero-mean random variable, thus we will set our initial speed estimation to 0. The initial posterior state estimate is then
R0 = (0,0)".

Figure 1 displays the evolution over time of the true position, the noisy observation of the position and the position estimated
by the Kalman filter. Figure 2 shows the evolution of the true speed and the speed estimated by the Kalman filter. Finally,
Figure 3 presents the error deviation of the observed and estimated positions from the true position.



3 APPLICATION: TRAJECTORY TRACKING
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Figure 1: True, observed and estimated positions

Ml

|
—— True speed
—— Estimated speed

Y.

W

300

250

200

150

100

50

Figure 2: True and estimated speeds



4 LINEAR REGRESSION AS A SPECIAL CASE OF KALMAN FILTER
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Figure 3: Error deviations of observed and estimated positions

4 Linear regression as a special case of Kalman filter

Kalman filters bring the addition of state evolution to linear regression. Therefore, the latter one can be seen as a special
case of Kalman filter with a constant hidden state, the weights w = 8 that we are trying to estimate. The corresponding
prediction and update equations are then:

-
Wi = lpwie =we  and v = xewy + e
where F = I,,, vk, =0, H, = x{ and ux = e. Then, innovation covariance matrices and Kalman gain can be written:

Pk+1|k = FkPk|kF/Z— +Ry = Pk|k

PrjkXict+1

_ T T )yl _
Kit1 = PrrapHis 1 (HeriPrgapeH o +RE) = — P 2
Xjp1" kX1 + 0¢

_ T
Prrikst = (Im — Kir1x(41) P

Therefore, we retrieve RLS Equations by substituting P x <> Pk and Key1 <> gkq1-
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