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We have seen in the document about non-linear regression that with the basic structure of a single neuron, we can already
perform classification tasks such as affine or quadratic separation. In this document, we use this simple element to build
more elaborate structures: the neural networks.

1 Network structure

A Multilayer Perceptron (MLP) or Artificial Neural Network (ANN) is an oriented graph divided into L € N, L > 2, distinct
layers.

» Layer ¢ = 1 is called the input layer;
» layer £ = L is called the output layer;
» any layer ¢ € [2, L — 1] is called a hidden layer.

Forany ¢ € [1, L], layer £ consists of n, € N* neurons u{e), y,(,f).
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Structure of a multilayer perceptron

Forany ¢ € [2, L] and any i € [1, ng], neuron V,.(l) is connected to neurons u{eﬁl), s yﬁfj}) of the previous layer £ — 1
through vertices with assigned weights w,.(ﬁ), . w,(’f,)zfl and bias bfé). The following diagram shows the structure of a single

neuron, that we are going to detail in the next section.
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Structure of single neuron

Remarks:
» The particular single-neuron classifier is an MLP such that £ = 2, n; = nand n, = 1.

» This type of neural network is also referred to as a dense neural network (DNN) because a neuron is connected to
all the neurons of the previous layer. In future documents, we will see other types of neural networks that are not
dense, such as the convolutional neural networks.

2 Feedforward algorithm

(

i

0 the response of the corresponding neuron. A neural network is fed with an input vector

x = (x1, ..., Xn, ) and outputs the vector § = (yﬁ“, . y,(,f)) made of the responses of the output layer neurons.

For simplicity, we denote v

» Every neuron in the input layer simply returns its associated component in the input vector, i.e. for any i € [1, m],
Z/I-(l) = Xj.

» Forany ¢ € [2,L] and any i € [1, n¢], neuron response u,.(f) is defined from the neuron responses of the previous

(€-1) )

layer (uj )1§j§nm’ weights (w; j), and bias b,@ by:
Nne—1 , ne—1 . ; ’
¢ 0 (e—1 ¢ ¢ -1
AT = () = (S ) o
j=1 j=1

Bias can be seen as a weight connecting neuron u,-(e) to a neuron in the previous layer with no input and with output
constantly equal to 1. In this expression, ¢ is the non-linear activation function. A commonly used activation function

is the sigmoid defined by:

v:R—[0,1] t—
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0.5

This function is differentiable and its derivative can be easily expressed:
VeeR  ¢'(t) = (1— (1) o(t)

We can sum up this description in the following algorithm.

Algorithm 1 Feedforward algorithm

1. procedure FEEDFORWARD(X)

2 Input x = (x1, ..., Xn,)

3 fori € [1,n] do

4: l/’gl) — X

5 end for

6 for/ € [2, L] do

7 fori € [1, ny] do

8: (e) — ( (2)) = i W,-(j)z/}efl) + b,@)
j=1

9: end for

10: end for

11: Returny = 1/§L), s y,S?)

12: end procedure

3 Backpropagation algorithm

We denote w = ( (f), b,( )) the vector representing all the weights and biases in the network. The feedforward algorithm
can be represented as a mapping N such that § = A(x, w). During training, the MLP is fed with examples of input

X1, ..., Xy and output y1, ..., yn and aims at minimizing mean square error:

N N

N
SEPIEAEE D D CRVERIES D S

k=1 k=1

As discussed in the non-linear regression document, the network will rather minimize the individual error £ as it gets new
data on the fly. Weights and biases are updated according to the following gradient descent:

wik ) = @k — tit1VE (Xk+1, Yi+1, W(k))

0 0
where ux41 is the learning factor. To determine gradient V&, we need to compute partial derivatives 5 5(1,) and 5 (51,)
w- b:"

1 1

its name indicates, the backpropagation goes through the network backward, updating corresponding p’artial derivatives,

. As
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weights, and biases based on previous computations. Therefore, we start with weights and biases of the output layer, then
we work on the hidden layers.

3.1 Output layer

np 2
By definition, ¢ = Z (V,-(L) - Y:') . Foranyie[1,n.],
i=1

(L)

i

and weights w,(JL.) pointing to neuron u,.(

L)

If we consider bias b , then Equation (1) yields:

o WYy w (L1 ov”
oD ¥ (<) ow® 0 F (1) =+ o0 ®
Using the chain rule,
(L) (L)
o = ¢ _0v; =2 <V-(L) — }/i) 4 (U(L)) ¢ = 08 _0v, =2 (V(L) — y,-) V(Lfl)go/ (U(L)) (4)
apbt ot apt ’ ’ ows ot ow') ’ / ’

3.2 Hidden layer

Now we consider a hidden layer £ € [2, L — 1]. Assume that we have already applied the backpropagation algorithm on

layer ¢ + 1 and we have access to all the partial derivatives 5 ?irl) and 5 8(§+1)' From chain rule and Equation (1), we
v; Wi
have !
P Nl g 9 (£+1) (e+1)
0 _ 3 _08 O T I e () (5)
oD " 2 g, 5,0 a0~ M AT
As for the output layer, we use these partial derivatives to get
£) ()
¢ _ 0 Ov; with oy; — (U(e)) (6)
anl" ol apl" ab" ’
0 o¢ oY o _ o
= i U= (o) < )
8w,.‘j ov; 8W,-J awi‘j ob;

3.3 Algorithm

We can wrap up these equations in the following algorithm.
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3.3 Algorithm

Algorithm 2 Backpropagation algorithm

1: procedure BACKPROPAGATION(yY, ()

2 Input expected outputy = (y1, ..., ¥n,)
3 Input learning factor p

4:  for{ € [2, L] in decreasing order do

5 fori € [1, ny] do

6 if / = L then

7

i) «2 (”'m _y">

ov;
8: else
o: for h € [1, ng11] do
o 31//(754—1) - W(“_l) , (U(1€+1)>
: 9,0 hi P \Oh
11: end forl
12: 3§ — "i*f 485 6Vi(1€+1)
. Bulm ) au,(fﬂ) ayfl)
13: entgfi)f
ov:
14: V’E — ¢ <af£)>
ab"
(©)
15: b b — ¢ v,
’ Do aplY)
16: forj € [1, ny_1] do
©
17: W-(li) — W-(li) — /u/.(e*l) ¢ v,
i i J o op®
18: end for
19: end for

20: end for
21: end procedure

> Bias derivative

> Bias update

> Weight update
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